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Coherent X-ray Diffraction
The diffraction from a crystal illuminated by a coherent beam of X-rays is a reciprocal lattice (given
by the Fourier transform of the crystal lattice) with a pattern around each Bragg point given by the
Fourier transform of the shape of the object, assuming conditions are in the kinematical limit. This
means that, were the phases of the diffraction pattern known, it could be Fourier transformed to
produce the shape of the diffracting crystal.

Phase Retrie val
Iterative algorithms developed for electron and visible light optics can be applied to X-ray diffraction,
taking advantage of the fact that diffraction patterns can be oversampled in order to recover the
phase information. The most basic of these is the Fienup's Error Reduction (ER) algorithm, shown
schematically below.
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Schematic of Error Reduction algorithm to recover phases of an oversampled
diffraction pattern.

A guess is made at the shape of the crystal and then Fourier transformed to yield a �rst �t to the
diffraction pattern. The amplitude of this �t is then replaced with the square root of the measured
intensity but the phases are unchanged. This modi�ed guess is then transformed to yield a real
space picture. The phases in real space are forced to zero, as is the density outside a central
region, called the support. This last step is justi�ed based on the oversampling of the diffraction
pattern. The new real space image is Fourier transformed to yield the next guess at the diffraction
pattern, and the process is repeated. The difference between the calculated and measured
amplitudes in reciprocal space is calculated during each iteration to monitor progress.

Vor tices
The presence of noise in the data can lead to arti�cial vortices in the recovered phase and corre-
sponding zeroes in the intensity. Their effect on the real space reconstruction can be seen at the
top of the middle column.
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During �tting vortices can arise in the phase in reciprocal
space, causing arti�cial zeroes in the intensity and arti-
facts in the real space �t, as shown in the top four boxes.
Patching, shown in the middle boxes, can remove vor-
tices in some cases, as demonstrated in the bottom four
boxes.

Because of the symmetry of the Fourier transform of a real-valued object, these vortices must occur in
pairs on opposite sides of the array, causing oscillations in the real space �t. Over any closed path around
one of these vortices the phase changes by a non-zero integer multiple of 2� , meaning that they are global
defects in the phase. Only by bringing together pairs of vortices of opposite chirality can they be removed.
If a �t yields a small number of these vortices they can be removed by patching the phase with random
values in the vicinity of a vortex. If the patched regions of two opposing vortices overlap there is the chance
that they will annihilate each other during ER. This patching method is demonstrated by the �gure in the
center column.

Three dimensions
The phase retrieval algorithms can easily be extended to 3D to recover a full 3D density function of the
diffracting crystal. Unfortunately the problem of vortices is more complicated in 3D because the vortices,
which were zero dimensional points in 2D �ts , are 1D curves in 3D, as shown below.

Top and side view of the 1D vortices in a 3D �t.

Driving Vor tices
Because of their extended nature, vortices in 3D �ts can not be removed by simple patching. It becomes
desirable to drive them together so they can annihilate each other or themselves. Attempts have been
made to do this in 2D by modifying the input data. Below is an example of the �tting of data that has been
multiplied by (1� cosqx cosqy), chosen because it has a ”sink” which draws in vortices to the corners where
there is very little intensity and because it only has low frequency terms.
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Conc lusion
Iterative algorithms can be used to recover the phase of diffraction patterns from coherently illuminated
objects, allowing their shapes to be recovered. One dif�culty with this process is the presence of arti�cial
vortices in the phase. Methods are being explored to remove them in both 2D and 3D.
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